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Trigonometry and Area

Lesson 10-3

Find the area of each regular polygon.

1. 2. 3.
7 ft

8 ft

36 in.

42 in.

6 m
3 m

What You’ll Learn
• To find the area of 

a regular polygon using
trigonometry

• To find the area of 
a triangle using
trigonometry

. . . And Why
To find the area of a
courtyard, as in Example 2

In Lesson 10-3, you learned to find the area of a regular polygon by using the
formula A = ap, where a is the apothem and p is the perimeter. By using this
formula and trigonometric ratios, you can solve other types of problems.

Finding Area

Find the area of a regular pentagon with 8-cm sides.

To use the formula A = ap, you need the apothem and
perimeter. The perimeter is 5 ? 8, or 40 cm.

To find the apothem, use trigonometry.

The measure of the central angle &XCZ is , or 72.
m&XCY = m&XCZ = 36.

XY = XZ, so XY = 4.

tan 368 = Use the tangent ratio.

a = Solve for a.

Now substitute into the area formula.

A = ap

= ? ? 40 Substitute for a and p.

= Simplify.

80 36 1 10 . 1 1055 Use a calculator.

The area of the regular pentagon is about 110 cm2.

Find the area of a regular octagon with a perimeter of 80 in. Give the area to the
nearest tenth. 482.8 in.2
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11 Finding the Area of a Regular Polygon

Center

Central
angle

Apothem

Radius

36 m2

4536 in.2 168 ft2

Check Skills You’ll Need GO for Help

Vocabulary Tip
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1. Plan
Objectives
1 To find the area of a regular

polygon using trigonometry
2 To find the area of a triangle

using trigonometry

Examples
1 Finding Area
2 Real-World Connection
3 Real-World Connection

Math Background

Let u be the angle between
consecutive radii r in a regular 
n-gon. Then using A = ab sin u
for the area of the triangle, 
A = r2 sin( ) is the area of the
n-gon.

More Math Background: p. 530D

Lesson Planning and
Resources

See p. 530E for a list of the
resources that support this lesson.

Bell Ringer Practice

Check Skills You’ll Need
For intervention, direct students to:

Finding the Area of a 
Regular Polygon
Lesson 10-3: Example 2
Extra Skills, Word Problems, Proof

Practice, Ch. 10

180
n

n
2

1
2

PowerPoint

Special Needs
For Example 3, have three students form a triangle
using string. Have other students measure two of the
sides and the included angle. Then calculate the area
of the triangle.

Below Level
Before beginning this lesson, review how to find the
area of a regular polygon (in Lesson 10-3), focusing on
a specific regular figure, such as a hexagon.

L2L1

learning style: tactile learning style: verbal



Sometimes you can use trigonometry to find both apothem and perimeter.

Architecture The Castel del Monte,
built on a hill in southern Italy circa
1240, makes extraordinary use of
regular octagons. One regular octagon,
the inner courtyard, has radius 16 m.

Find the area of the courtyard.

The measure of a central angle 
of the octagon is , or 45.
So m&C = (45) = 22.5.

Use the cosine ratio to find the apothem.

cos 22.58 =

a = 16(cos 22.58)

Use the sine ratio to find the perimeter.

sin 22.58 =

x = 16(sin 22.58)

p = 8 ? length of a side

= 8 ? 2x The length of each side is 2x.

= 8 ? 2 ? 16(sin 22.58) Substitute for x.

= 256(sin 22.58) Simplify.

Substitute into the area formula, A = ap.

A = ? 16(cos 22.58) ? 256(sin 22.58) Substitute for a and p.

< 724 .07734 Use a calculator.

The area of the courtyard is about 724 m2.

Critical Thinking If the radius of the main structure is twice the radius of the inner
courtyard, how does the area it covers compare to the area of the courtyard?

Suppose you want to find the area of #ABC, but you 
know only m&A and the lengths b and c. To use the 
formula Area = bh, you need to know the height.
You can find the height by using the sine ratio.

sin A = Use the sine ratio.

h = c(sin A) Solve for h.

Now substitute for h in the formula Area = bh.

Area = bc(sin A)1
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12 Finding the Area of a Triangle

22.5�

16 a

x

C

It is 4 times as large.

560 Chapter 10 Area
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Advanced Learners
Have students discuss whether the area formula given
SAS can be used as is or needs to be modified when
�A is obtuse.

English Language Learners ELL
Have students draw an octagon and label the center,
apothem, radius, and the central angle formed by two
consecutive radii as shown in the Vocabulary Tip next
to Example 1. 

L4

learning style: verbal learning style: visual

2. Teach

Guided Instruction

Error Prevention!

Students may confuse the radius
with the apothem. Point out 
that the apothem is always
perpendicular to a side and 
that one endpoint of a radius 
is always a vertex.

Math Tip

The area of a regular polygon
with radius r and apothem a
is less than pr2, the area of 
the circumscribed circle, and
greater than pa2, the area of the
inscribed circle. Students can use
these upper and lower bounds 
to check their answers.

Additional Examples

Find the area of a regular
polygon with 10 sides and side
length 12 cm. 

N 1108 cm2

The radius of a garden in the
shape of a regular pentagon is 
18 ft. Find the area of the garden. 

N 770 ft2
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Your work at the bottom of page 560 completes a proof of the following theorem
for the case in which &A is acute.

Surveying The surveyed lengths of two adjacent sides of a 
triangular plot of land are 412 ft and 386 ft. The angle
between the sides is 718. Find the area of the plot.

Area = ? side length ? side length ? sine of included angle

= ? 412 ? 386 ? sin 718 Substitute.

< 75183 .855 Use a calculator.

The area of the plot is approximately 75,200 ft2.

Two sides of a triangular building plot are 120 ft and 85 ft long.
They include an angle of 858. Find the area of the building plot 
to the nearest square foot. 5081 ft2

Find the area of each regular polygon. Give answers to the nearest tenth.

1. octagon with side length 6 cm 2. pentagon with side length 7 in.

3. hexagon with perimeter 60 m 4. 15-gon with perimeter 180 yd

5. PQRST is a regular pentagon with center O and radius 10 in.
a. Find m&POQ. 72 b. Find m&POX. 36
c. Find OX. about 8.1 in. d. Find PQ. about 11.8 in.
e. Find the perimeter. f. Find the area.

Find the area of each regular polygon. Give answers to the
nearest tenth.

6. hexagon with radius 10 ft 259.8 ft2 7. decagon with radius 4 in. 47.0 in.2

8. octagon with radius 20 cm 1131.4 cm2 9. square with radius 2 ft 8 ft2

10. Architecture Each of the eight small towers around Castel del Monte
(page 560) is a regular octagon. The radius is 7.3 m. Find the area each
tower covers to the nearest square meter. 151 m2

Example 2
(page 560)

Example 1
(page 559)
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Key Concepts Theorem 10-8 Area of a Triangle Given SAS

The area of a triangle is one half the product 
of the lengths of two sides and the sine of the 
included angle.

Area of #ABC = bc(sin A)1
2 

B

c
a

b
A C

Practice and Problem Solving
For more exercises, see Extra Skill, Word Problem, and Proof Practice.EXERCISES

Practice by ExampleAA
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173.8 cm2

259.8 m2

84.3 in.2

2540.5 yd2

about 58.8 in. about 238 in.2

GO for
Help
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Guided Instruction

Alternative Method
Proving a theorem from a different
but related point of view helps
students strengthen their mastery
of geometry. Have students prove
Theorem 10-8 again, this time
using an altitude drawn from 
C to base where sin A = . 

Tactile Learners

Have each student draw a large
triangle on graph paper and
estimate its area by counting
squares and partial squares. 
Then have them cut out the
triangle and use a protractor 
and the formula Area = bc(sin A)
to find its area.

Additional Examples

A triangular park has two sides
that measure 200 ft and 300 ft and
form a 65° angle. Find the area of
the park to the nearest hundred
square feet.

27,200 ft2

Resources
• Daily Notetaking Guide 10-5

• Daily Notetaking Guide 10-5—
Adapted Instruction

Closure

Explain how to find the area of 
a regular polygon if you know
only the length of a side s and 
the number of sides n. Sample:
Divide 360 by n to find the
measure of the central angle, and
then divide by 2 to find the angle
measure inside a right triangle.
Use the tangent ratio to find the
apothem, and then use the
formula A ≠ ap, where p ≠ ns.1

2
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L3
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Find the area of each triangle. Give answers to the nearest tenth.

11. 12. 13.

14. 15. 16.

17. Surveying A surveyor marks off a triangular parcel of land. One side of the
triangle extends 80 yd. A second side of 150 yd forms an angle of 678 with the
first side. Determine the area of the parcel of land to the nearest square yard.

18. Industrial Design Refer to the diagram of 
the regular hexagonal nut. Round each 
answer to the nearest unit.
a. Find the area of the circular hole in the

hexagonal nut. 50 mm2

b. Find the area of the hexagonal face.

19. Writing Describe two ways to find the area
of an equilateral triangle that has a 1-in. radius.

20. Architecture The Pentagon, in Arlington, Virginia, is one of the world’s largest
office buildings. It is a regular pentagon, and the length of each of its sides is
921 ft. Find the area of this pentagon to the nearest thousand square feet.

Find the perimeter and area of each regular polygon to the nearest tenth.

21. 22. 23.

24. 25. 26.

27. Multiple Choice Replacement glass for more energy efficient windows costs
$5/ft2. Approximately how much will you pay for replacement glass for a
regular hexagonal window with a radius of 2 ft? D

$10.39 $27.78 $45.98 $51.96

Regular polygons A and B are similar. Compare their areas.

28. The radius of square A is twice the radius of square B.

29. The apothem of pentagon A equals the radius of pentagon B.

30. The length of a side of hexagon A equals the radius of hexagon B.

31. The radius of octagon A equals the apothem of octagon B.

32. The perimeter of decagon A equals the length of a side of decagon B.
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3 ft8 in.
4 m

4 mm 8 mm

2 mm
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Example 3
(page 561)

562 Chapter 10 Area

ConnectionReal-World

The length of each side of the
Pentagon courtyard is 356 ft.
A football field is 360 ft.

27.7 m2 7554.0 m2

18.0 ft2

311.3 km2 0.7 ft2151.4 mm2

5523 yd2

116 mm2

See margin.

1,459,000 ft2

20.8 m;
20.8 m2

17.6 ft;
21.4 ft2

45.3 in.;
128 in.2

42 cm; 127.3 cm2 61.2 m; 282.8 m2 6.2 mi; 3 mi2

28–32.
See margin.

GPS

GO nline
Homework Help
Visit: PHSchool.com
Web Code: aue-1005
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19. Answers may vary.
Sample: 1. Find the
apothem and the side #
to apothem using a 30-
60-90 k with hyp. 1.
Then use the formula 
A ≠ ap. 

2. After finding the
apothem and the # side,
the height of the equil. k
is apothem ± 1. Then
use the formula A ≠ bh.

28. (area of sq. A) ≠ 4 ? (area
of sq. B)

29. (area of pent. A) N 1.53 ?
(area of pent. B)

30. (area of hex. A) ≠ (area
of hex. B)

31. (area of oct. B) N 1.17 ?
(area of oct. A)

1
2

1
2

3. Practice
Assignment Guide

A B 1-10, 18, 20-34

A B 11-17, 19
C Challenge 35-37

Test Prep 38-42
Mixed Review 43-49

Homework Quick Check
To check students’ understanding
of key skills and concepts, go over
Exercises 10, 14, 18, 19, 24.

Exercise 27 Students must know
that a regular hexagon has six
congruent sides.

Connection to Calculus
Exercise 34 Students will need
calculators to evaluate the
expression in part d for large
values of n. As n increases, the
sides of the n-gon come closer
and closer to the inscribed circle. 
Thus, its area gets closer and
closer to p.

2

1

Guided Problem SolvingGPS

Enrichment

Reteaching

Adapted Practice

Practice 10-5 Volumes of Prisms and Cylinders

Find the volume of each cylinder to the nearest tenth.

1. 2. 3.

4. 5. 6.

Find the volume of each prism to the nearest whole number.

7. 8. 9.

10. 11. 12.

Find the volume of each composite figure to the nearest whole number.

13. 14. 15. 4 m

9 m

16 m

12 m

5 m
12 in.

6 in.
11 in.

15 in.

4 ft

6 ft
2 ft

8 ft

3 ft

6 in.

6 in.

17 in.

6 in.

7 cm
7 cm

16 cm

12 ft

12 ft

12 ft

3 m

7 m

2 m

3 ft

3 ft

3 ft 9 ft8 in.

3 in.

5 in.

12 cm

8 cm

10 cm

5 cm

7 in.

9 in.

3 in.

1 in.

40 cm

75 cm10 m

12 m
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32. (area of dec. A) ≠ 0.01 ?
(area of dec. B)

34. a. Each central l
measures (360 � n) 
and mlC ≠ that
measure or (180 � n).

b. tan C ≠ ≠ s

c. s ≠ tan C, so 
p ≠ n � 2(tan C) or 
2n(tan C).

d. Since a ≠ 1 and p ≠

2n(tan C), A ≠ ap ≠

(1)(2n tan C) ≠
n(tan C) ≠ n(tan ).

g. Answers may vary.
Sample: 425; as X
increases, Y1
approaches π, so 
the first 4 viewable
decimal places
become fixed; the n-
gons start to look like
a circle of radius 1.

180
n

1
2

1
2

s
1

1
2

36. 320 ft

x

65°
300 ft

Lesson Quiz

Find the area of each figure. Give
answers to the nearest square
unit.

1. regular hexagon with
perimeter 90 ft  585 ft2

2. regular pentagon with radius
12 m  342 m2

3. regular polygon with 12 sides
of length 1 in.  11 in.2

4.

490 mm2

5.

70 yd2

Alternative Assessment

Have students use a compass 
and a straightedge to construct 
a large, regular hexagon; use a
ruler to measure the length of 
a side; and use trigonometry to
calculate the area of the hexagon.

60°
9 yd

18 yd

36 mm

27°
60 mm

PowerPoint

4. Assess & Reteach

Lesson 10-5 Trigonometry and Area 563

33. Road Signs The length of a side of the standard stop sign shown at left is 
1 ft in. Find the area of the stop sign to the nearest tenth of a square foot.

34. Suppose a circle is inscribed in a regular n-gon with
center C and apothem 1, as shown in the diagram.
In parts (a)-(d), explain why each statement is true.

a. m&C = =

b. s = tan C
c. The perimeter of the n-gon is 2n(tan C).

d. The area of the n-gon is n tan .
e. Graphing Calculator Use the TABLE feature of 

your graphing calculator to study the areas of regular 
n-gons of apothem 1 as n increases. What should you enter as Y1?

f. Use the TBLSET feature so that X starts at 3 and changes by 1. Access the
TABLE. Tell what happens in the X and Y1 columns as you scroll down.

g. For what value of X does Y1 take on a new value for the last time? Explain
why this is so. Also, in terms of the circle and the circumscribing regular 
n-gons, interpret what you observe. See margin.

35. Suppose a circle is circumscribed about a regular n-gon with center C and
radius 1. Proceed with steps similar to those in Exercise 34 to study the areas of
regular n-gons inscribed in a circle as n increases. See left.

36. Surveying A surveyor wants to mark off a triangular parcel with an area of 
1 acre (1 acre = 43,560 ft2). One side of the triangle extends 300 ft along a
straight road. A second side extends at an angle of 658 from one end of the first
side. Draw a triangle to represent the piece of land. Determine the length of
the second boundary line to the nearest foot. See margin.

37. Segments are drawn between the midpoints of consecutive sides of a regular
pentagon to form another regular pentagon. Find, to the nearest hundredth, the
ratio of the area of the smaller pentagon to the area of the larger pentagon.

In Exercises 38–40, the polygons are regular.

38. The perimeter is 54 m. The apothem is m. To the nearest tenth,
what is the area? B
A. 46.8 m2 B. 140.3 m2 C. 243.0 m2 D. 280.6 m2

39. The area is 1623.8 yd2. The perimeter is 150 yd. What is the apothem? G
F. 10.8 yd G. 21.7 yd H. 32.5 yd J. 43.3 yd

40. The area is 100 cm2. The apothem is 5 m. What is the perimeter? B
A. 20 cm B. 40 cm C. 50 cm D. 100 cm

41. Sketch all possible right triangles ABC with m&A = 40 and AC = 10. 
Find the area of each. See margin.

42. a. In the regular pentagon, find x. Then use x to find a.
b. Explain how you can use the perimeter of a regular

polygon to find the area of the polygon.
c. Use the perimeter of the pentagon shown here to 

find the area to the nearest tenth. Show your work.
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 Test Prep

5.0 ft2

a–d. See margin.

X tan(180/X )

34f. X increases by 1 and
Y1 approaches π.

35. Using steps 
similar to Ex. 34, 
A≠ n(cos )(sin ),
which also appr. π as
n increases.

180
n

180
n

0.65

a–c. See margin.

See left.

lesson quiz, PHSchool.com, Web Code: aua-1005



43. Two regular octagons are pictured.
a. What is the similarity ratio of the

smaller octagon to the larger octagon?  
b. The area of the larger octagon is 

391.1 in.2. What is the area of the 
smaller octagon to the nearest tenth 
of a square inch?  173.8 in.2

44. Find the sum + . Give your answer 
as an ordered pair.

45. Describe a vector such that + = .

46. Describe a vector such that + = .

47. Which two vectors have as their sum?

�-2, -2� �2, -4� �4, -2�

Coordinate Geometry Find the coordinates of 
the midpoint of . Then find WZ.

48. rectangle 49. kite

x

y 

(0, -b)

(c, 0)

(a, 0)
W

Z

O
x

y 
(0, b)

(a, -b)

W

Z

O

WZ
Lesson 6-6
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Lesson 10-4

Mixed ReviewMixed Review

Geometry at WorkGeometry at Work

Surveyors calculate the locations, shapes, and areas of plots of land. 
A survey begins with a benchmark, a reference point whose latitude,
longitude, and elevation are known. The surveyor uses a device called a
transit to measure the boundary angles for the plot of land and the
distances of key points from the benchmark. Using trigonometry, the
surveyor finds the latitude, longitude, and elevation of each key point in the
survey. These points are located on a map and an accurate sketch of the
plot is drawn. Finally, the area is calculated. 

One method involves dividing the plot into triangles and measuring
the lengths of two sides and the included angle of each. The formula 
A = ab(sin C) gives the area of each triangle. The area of the entire
plot is the sum of the areas of the triangles. 

1
2

Surveyor

�–2, –9�

�6, 1�

�–6, –1�

�–2, –2� and �4, –2�

( , 0); "a2 1 4b2a
2 ( , ); "a2 1 b2b

2
a
2

6 in.

9 in.

PHSchool.com

For: Information about surveying
Web Code: aub-2031
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C
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40°

40°

8.4 7.7

10
13.110

6.4

Test Prep

Resources
For additional practice with a
variety of test item formats:
• Standardized Test Prep, p. 593
• Test-Taking Strategies, p. 588
• Test-Taking Strategies with

Transparencies

41. [2] 

42 units 2, 24.6 units 2

[1] correct drawings OR
correct solutions OR
one correct drawing
with solution

42. [4] a. x ≠ 54; tan 54� ≠
so a ≠

10 tan 54� N 13.8 yd

b. Use the formula 
A ≠ ap where 
A represents the
area, a represents
the apothem, and
p represents the
perimeter.

c. The perimeter is
(20)(5), or 100 yd.
A ≠ ap

A ≠

(10 tan 54�)(100)

N 688.2 yd2

[3] appropriate methods,
but with one
computational error

[2] correct answer but
with no work shown

[1] correct answer to (a)

1
2

1
2

1
2

a
10


